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Simulation of liquid sloshing in curved-wall containers with
arbitrary Lagrangian–Eulerian method
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SUMMARY

There are many challenges in the numerical simulation of liquid sloshing in horizontal cylinders and
spherical containers using the finite element method of arbitrary Lagrangian–Eulerian (ALE) formulation:
tracking the motion of the free surface with the contact points, defining the mesh velocity on the curved
wall boundary and updating the computational mesh. In order to keep the contact points slipping along
the curved side wall, the shape vector in each time advancement is defined to modify the kinematical
boundary conditions on the free surface. A special function is introduced to automatically smooth the
nodal velocities on the curved wall boundary based on the liquid nodal velocities. The elliptic partial
differential equation with Dirichlet boundary conditions can directly rezone the inner nodal velocities
in more than a single freedom. The incremental fractional step method is introduced to solve the finite
element liquid equations. The numerical results that stemmed from the algorithm show good agreement
with experimental phenomena, which demonstrates that the ALE method provides an efficient computing
scheme in moving curved wall boundaries. This method can be extended to 3D cases by improving the
technique to compute the shape vector. Copyright q 2007 John Wiley & Sons, Ltd.
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1. INTRODUCTION

Spheroidal and horizontal cylindrical tanks are commonly installed in spacecraft to load fuel and
liquid refrigerant. The motion of free surface has become the subject of much research in the
design and attitude control of satellites and rockets. However, the main research results were based
on the semi-analytical method which focused on evaluating the low-order natural frequencies and
damping [1–3] by solving linear equations for fluid. In addition, the approaches cannot handle
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tanks with unusual geometric shapes, such as spheres and horizontal cylinders. The numerical
simulation of free surface flows by the arbitrary Lagrangian–Eulerian method is suitable for these
curved wall boundary conditions, but there are still several problems to be overcome. It is known
that the arbitrary Lagrangian–Eulerian (ALE) algorithm can prescribe the motions of computational
nodes in conformity with those of material points as the pure Lagrangian formulation does [4–6].
Actually, in order to avoid mesh distortion, the computational mesh’s motion in the ALE algorithm
cannot move as freely as one would wish. After rigidly restricting the computational mesh’s
motion within one direction, this strategy was shown to have a powerful capability in tracking free
surfaces within straight boundary containers, such as sloshing in rectangular and vertical cylindrical
tanks [4, 5].

However, when the free interface with liquid contact lines moves on a curved boundary, the
nodal velocities at the contact lines are not straight along the direction of the reference axis. In
order to correctly track the position of contact lines on curved walls, the prescribed mesh motion in
the ALE algorithm has at least two freedoms, which differs from most numerical simulations that
use the ALE method. Otherwise, the free surface and wall boundary are time-dependent moving
boundaries. Hence, after predicting the nodal velocity and position of all boundaries, it is necessary
to smooth the interior nodal velocity to avoid the acute aspect ratio of elements.

In order to enable the computational mesh to completely capture the physical interface of
sloshing liquid in curved-wall containers, the nodes at the contact line must conform to not only
the kinematic boundary conditions on the free surface but also the slipping boundary conditions on
the tank’s wall. Therefore, these nodes must move along the curved surface while freely tracking
the free surface, and the shape vector is defined to increase the nodal motion’s freedom to avoid the
contradiction mentioned above. Concretely, the shape vector defined here modifies the kinematical
conditions on the free surface based on the geometrical constraints of the tank. Thus, the values
of the nodal velocities at the contact points on the free surface are altered. On the other hand,
it is critical for the validity of the mesh to gain a set of velocity values with the appropriate
gradient from the exterior moving nodes to the fixed interior nodes. Unfortunately, it is difficult to
find a domain far from moving boundaries with fixed nodes embedded in it, including liquid free
surfaces and wet wall boundaries. In this case, there is no nodal velocity component equal to zero
as a reference baseline to describe the relative motion of the free surface in advance; hence, it is
necessary to develop a specific method assigning the nodal values on the whole boundary. The
nodal velocities of the free surface are determined by the modified kinematic boundary conditions
on the free surface based on the flow field. The other exterior nodal velocities at the curved wall
must keep a deft gradient according to those at the free surface, and be as similar to the real liquid
velocity field as possible. As for the interior domain, we adopt the elliptic method [7, 8] to directly
smooth the nodal velocity because it can naturally produce a uniform interior mesh velocity in an
arbitrary direction without any other physical parameters. This method, which had been used to
simulate the flows of broken dam [7], is mainly to resolve a Laplace equation with these exterior
nodal velocity boundary conditions.

To solve the Navier–Stokes equations, the standard Galerkin formulation is applied to spa-
tially discretize the ALE formulation governing equations, which has been successfully used by
Glowinski and Pironneau [9] to solve incompressible flows. The fractional step method was intro-
duced to split a time step into two parts. This is a time-split method to solve the time-dependent
incompressible flow [10, 11].

In the following section, we describe the ALE algorithm and the corresponding expression about
the kinematic boundary conditions. Section 3 describes how to select nodal velocities on boundaries

Copyright q 2007 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Fluids 2008; 57:437–452
DOI: 10.1002/fld



SIMULATION OF LIQUID SLOSHING IN CURVED-WALL CONTAINERS 439

such as the Dirichlet-type boundary conditions as well as the details about establishing the finite
element formula of the remesh equation. The algorithm for tracking free surfaces is discussed in
Section 3.1, where a figure illustrates the definition of the shape vector at the contact point, and
also a linear function is included to determine other nodes on free surfaces. On the basis of the
fractional step method, Section 4 establishes the ALE formula for finite element equations for
incompressible viscous fluid flows. Also, the complete boundary conditions and initial conditions
are described in this section. At the end of this paper, numerical results obtained using this method
demonstrate the effectiveness of the simulation of liquid sloshing in partially filled horizontal
cylinders and spherical containers.

2. DESCRIPTION OF THE ALE ALGORITHM AND THE KINEMATIC BOUNDARY
CONDITIONS OF MESH

2.1. Kinematical description of the ALE algorithm

In the description of the ALE method [6], the computational domain is defined to combine the
advantages of two classical kinematical formulations, the Lagrangian algorithm and the Eulerian
algorithm. The mesh nodes on the reference domain could move with an arbitrary velocity appointed
according to the material particle velocity. Assume a physical property f described by the ALE
algorithm; its absolute derivative should be written as the following expression:

D f

Dt
= � f

�t

∣∣∣∣
w

+ (u − w) · ∇ f = 0 (1)

where u and w are the velocities of the material particle and the mesh, respectively, relative to the
inertial reference system. In the Eulerian algorithm, the mesh velocity is equal to zero, whereas
in the Lagrangian algorithm, w= u.

2.2. Description of kinematic boundary conditions of the ALE algorithm

Since the mesh velocity could avoid the computational mesh distortion in the ALE algorithm, how
to choose the mesh velocity coinciding with the boundary conditions becomes the main problem.

First, the ALE algorithm should provide a concise method to track free surfaces. For the liquid
sloshing, the most important kinematic constraint is that the fluid flux is zero on the free surface.
The function F(x, y, z, t) = 0 represents the position of each material particle on the free surface.
In the ALE description, DF/Dt = 0 is expressed as

DF

Dt
= �F

�t

∣∣∣∣
w

+ (u − w) · ∇F = 0 (2)

where �F/�t |w = 0, owing to the fact that the material particles on the free surface always remain
on the computational mesh’s free surface during computation time. The equation, ∇F , is a vector
denoting the free surface’s normal vector n= (�F/�x, �F/�y) in 2D cases. Equation (2) can be
simplified as

w · n=u · n (3)
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where n is the unit normal vector of the free surface, w is the mesh velocity on free surface and
u is the fluid velocity. Equation (3) indicates that the normal component of mesh velocity on the
free surface is equal to that of fluid velocity, while it satisfies the boundary condition that the fluid
flux is zero on the free surface.

Secondly, when large-scale displacement occurs on the free surface, the mesh velocity on the
side wall should also be assigned according to the fluid boundary conditions. For the instance of
liquid sloshing in horizontal cylinders and spherical containers, the slipping boundary conditions
are expressed as

�u
�s

= ū,
�u
�n

= 0 (4)

Therefore, the side-wall boundary condition of the mesh velocity w has the same modality as
Equation (4):

�w
�s

= w̄,
�w
�n

= 0 (5)

The value of w̄ should balance the contradiction between the mesh distortion and the displacement
of the free surface.

3. MESH UPDATING

The procedure for mesh updating could be divided into two parts. The first is to prescribe the nodal
velocities on the exterior interface, which should be subject to certain physical or geometrical con-
straints, including kinematical conditions on the free boundary, Equation (2), and nonpermeability
conditions on the side wall, Equation (5). The remeshing strategy for straight-wall containers
mostly updates the node positions only in a single direction along the straight wall. Examples of
this strategy are wx |(�t )f = 0 and wy |(�t )f = w̄. However, because the motion of the free surface
is in curved boundary containers, our focus will be on a multiple-degree-of-freedom mesh renew
strategy. The second is to choose an appropriate algorithm to smooth the velocities of the nodes in
the interior domain. In the domain with straight boundaries, the algebraic method can smooth the
velocity of each interior node by using an algebraic function. The distance between an interior node
and the corresponding node on the moving free surface is the main variable in this function. In
addition, the elastic mesh update method is also used to smooth velocity. It supposes the computa-
tion mesh domain as a feigned elastic solid and solves it as a deformation problem with the known
distortion of boundary. However, as a robust mesh update algorithm, the performance parameters
for each element of the feigned elastic mesh must be assigned to minimize the distortion of the
computational mesh. Literature [12] provides different strategies and compares its applicabilities
through a simple example. The elliptic generation method adopted here directly smoothes the ve-
locities of the internal nodes based on the exterior boundary conditions deduced from the liquid’s
moving interface. To gain a relatively homogeneous mesh velocity field w minimizing the element
distortion, the Laplace equation is introduced to solve the mesh velocity field w with Dirichlet
boundary conditions [13].
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3.1. Track free surface

The free interface between the air and fluid should satisfy the kinematic condition Equation (2).
It can be rewritten as

wn · nn =un · nn (6)

Now, because the fluid velocity un is known at any iteration process in the n+1 time advancement,
the shape of the free surface is easily predicted by the nodal velocity on the free surface at time step
n. Thus, we can determine the values of the mesh velocity wn on the free surface by Equation (6).
However, because Equation (6) is a scalar expression with at least two unknown components of
the mesh velocity, we have to assign certain components as equal to zero. Thus, the freedoms of
mesh velocity are restricted to rising or falling only in one direction. The method mentioned above
loses its applicability when the free interface unavoidably moves along the curved side boundary
with uniform mass transfer. Compared with the method reported by Marek Behr and Abraham
[14] in 2002, which defines nodal displacement with a vector and a scalar value, the mesh velocity
field w here is written in the following form:

w= �e (7)

Thus, w is separated as an unknown scalar velocity and a known unit vector e called the shape
vector, which corresponds to the geometrical constraints on the side surface.

Next, after substitution of w into Equation (6), � gives an expression through free surface
kinematic condition

�= un · nn
en · nn (8)

During each iterative step, these nodal values, including un , en and nn , are known in advance;
hence, � is easily determined by directly solving Equation (8), and obviously � is time dependent.

In this paper, the shape vector e(ex , ey, ez) at contact points should be consistent with the
tangential direction of the side wall as shown in Figure 1. The components (ex , ey) of the shape
vector denote the sine and cosine values of the included angle � from the shape vector to the
x-axis, respectively. And ez is equal to zero in 2D cases because it stays on the Oxy plane. In
the 3D cases, when we make the Oxy plane rotate around the y-axis forming a new coordinate
system, each contact point will have a corresponding angle of rotation. In the new Oxy plane, we
can gain the components (ex , ey) similar to that in 2D. Subsequently, the components of shape
vector, (ex , ey, ez) in old coordinate can be determined by the conversion of coordinates.

The positions of the contact points are determined by the fluid velocities at the last time step;
hence, the � on the contact points can be discovered through the function of tangent line to the
curved side wall. Other shape vectors at free surface nodes can be determined by writing a function
with the nodes at various distances from the contact points. As shown in Figure 2, the included
angles at the two contact points are given as �1, and �2, and its x-components are x1 and x2. The
following equation can be used to calculate the included angle � relative to the x-axis of any nodes
on the free surface:

� = kx + (�1 − kx1) (9)

where

k = (�1 − �2)/(x1 − x2) (10)
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(a) (b)

(e) (f)

(c) (d)

Figure 1. The shape vectors e illustrate at equal time increment (2�/5) during a period: (a) 0; (b) 2�/5;
(c) 4�/5; (d) 6�/5; (e) 8�/5; and (f) 2�.

2 1

Figure 2. Definition of � parameter.

The shape vector is e= (cos �, sin �), and the value of w in the x-coordinate is determined using
Equation (7).

After determining the value of wn , the finite element computation mesh will be updated into a
new domain. First, the position and the shape of the free surface will be changed as follows:

xn+1 = xn + wn · �t (11)

Then, the velocities of the nodes in the interior region will also be renewed by solving Laplace
equation (16) based on the computational mesh at the last time step. Using Equation (11), the new
positions of the internal nodes are established.

3.2. Mesh velocity on exterior interface

In order to figure out the free surface’s motion relative to some reference position, generally
appointing the minimum velocity as zero, it is necessary to define an area of the ALE computational
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mesh with the appropriate node velocity. However, in partially filled horizontal cylinders and
spherical containers, it is difficult to appoint a certain section of a wet wall as the reference area
with zero mesh velocity, especially when the slipping boundary conditions are enforced on the
whole wet wall. Fortunately, the motion of the free surface is a reliable guide to attain the nodal
motion on a wet wall. Thus, given the mesh velocity field, the value of w on the moving free
surface is

w|(�t )f = w̄f (12)

Note that w̄f is not the real velocity of the fluid material point on the free surface, and the details
for calculating the nodal value of w̄f on the free surface are discussed in Section 3.1. Otherwise,
considering the mesh distortion, the prescribed mesh velocity w on a wet wall would also be
variable in every time step. There are two factors influencing the value of w̄w: one is the distances
between the free surface and nodes on the wet wall, and the other is the nodal velocity on the free
surface. Sometimes the optimal strategy is to prescribe the real fluid velocity on the wet wall as
the mesh velocity w̄w. However, it is not a feasible method to adjust the contradiction between
the tracking surface and elements’ distortion. In the following equation,

w|(�t )w = w̄w (13)

the elements along the curved wall boundary are subject to two kinds of distortion, pulling or
pressing, depending on the value of w̄w. The obvious distortion mainly results from the wide
variation in velocity; hence, the w̄w can be written as the following formula to keep the gradient
of velocity in the proper range:

w̄w =uw f (h) (14)

Here, f (h) is a function assuming the value of unity for h = 0, and as h increases to the maximal
distance from the liquid free surface, f (h) decreases to zero. If the element distortion is too little
to effect the characteristics of the element, the mesh velocity w̄w equals uw on the wall boundary.
Summing up, w̄uw can be expressed as

w̄w =
{
uw

uw f (h)
(15)

3.3. Mesh velocity in the interior region

Given the nodal velocity on the fluid boundary interface, the elliptic method may calculate the
mesh velocity of internal domain by solving

�w= 0 in �t (16)

with the following Dirichlet boundary conditions:

w|(�t )f = w̄ on (�t )f

w|(�t )w = w̄w on (�t )w
(17)

Using the principle of the standard Galerkin method to spatially discretize Equation (16), the
weight function has the same form as the shape function. The interpolation spaces are defined
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here as

sh = {�h |�h ∈H1h(�t ),�h = � on (�t )f}
vh = {�h |�h ∈H1h(�t ),�h = 0 on (�t )}

(18)

and the Laplace equation, Equation (16), can be transformed into the finite element equation by
employing the Green–Gauss divergence theorem:

∫
�

��w d� =
∫

�
∇� · ∇w d� −

∫
�t

�(n · ∇w)

=
∫

�
∇� · ∇w d�= 0 (19)

In a matrix equation of the following form, the mesh velocity will be calculated with the boundary
conditions as Equation (17)

Aw= 0 (20)

Obviously, due to the physical feature of the Laplace operator that can average the physical quantity
on the boundary into the interior domain, the elliptic method can use the straightforward procedures
to smooth the interior velocity [7]. Rainald Lohner [8] added variable diffusivity to the Laplace
operator to gain more uniform mesh velocity in the region close to the moving boundary with
smaller elements.

4. GOVERNING EQUATIONS FOR VISCOUS INCOMPRESSIBLE
FLUID WITH FREE SURFACE

Assuming a rigid container partially filled with viscous incompressible fluid, we adopted the
unsteady Navier–Stokes velocity–pressure formula to describe the free surface motion in the
abounded region �t with boundary �t . The spatial domain of liquid is time dependent due to the
large-scale displacement of the free surface, and the subscript t indicates such time dependence.
Derived from the ALE method [6, 15] the Navier–Stokes equations are written as

�u
�t

∣∣∣∣
w

+ (u − w) · ∇u= −∇ p

�
+ �∇2u + f (21)

∇ · u= 0 (22)

Here, u is the fluid velocity field with components u= (ux (x, y, t), uy(x, y, t)), and p= p(x, y, t)
is the dynamical pressure field. These two variables are unknown in these equations. f=( f1, f2) is
the body force per unit fluid mass, including inertia force and environmental gravity.w=(wx (x, y,t),
wy(x, y, t)) is the nodal velocity field relative to the inertial reference frame, while |w denotes the
derivative on the reference frame consisting of arbitrarily moving mesh. The � and � are two fluid
parameters, respectively, the kinematic viscosity and the density.

The boundary conditions on the issue are organized for the free surface (�t )f and the wall
boundaries (�t )w, which are complementary subsets of the boundary (�t ). With the assumption
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that the momentum on the air side and the surface tension are equal to zero, the dynamic constraint
of incompressible Newtonian fluid on the free surface (�t )f is

−pni + �

(
�ui
�x j

+ �u j

�xi

)
n j = 0 (23)

From this point, the normal component of the free surface can be written as

−pnini + �

(
�ui
�x j

+ �u j

�xi

)
n jni = 0 (24)

This condition guarantees the equilibrium between the forces of external and internal stresses on
the free surface. It will be introduced into Equation (21) during the time integral procedure. The
tangential component of Equation (23) is written as the following formula:

�

(
�ui
�x j

+ �u j

�xi

)
n j si = 0 (25)

where si is the unit tangent vector of the free surface. This is a Newmann-type velocity boundary
condition enforced on the free surface.

In the ALE algorithm, the nodes on the free surface must be confined to the free surface during
the whole calculation process; hence, the node scattering wall boundary slips along the wall with
the motion of the free surface. The fluid velocity on the wall boundaries (�t )w is subject to slipping
boundary conditions:

ui · ni = 0 (26)

Thus, the stress tangential component on the (�t )w is neglected naturally.
Moreover, the normal component of stress on the (�t )w is subject to the time-discretized Navier–

Stokes equation shown in Equation (21). With the additional velocity boundary conditions on the
side walls, including Equation (26), and the incompressibility, ∇ · u= 0, the boundary condition
is simplified as

pn+1
,i ni = � f n+1

i ni (27)

The initial conditions in the problem are u0 =u(x, y, 0) and p0 = p(x, y, 0). Note that the
divergence of the initial velocity field should be equal to zero, ∇ ·u0 = 0, and p0 is the hydrostatic
pressure.

4.1. Fraction-step method

The fraction-step method is known as a popular time discretization method to solve Navier–Stokes
equations, which can decompose a one-time process into two or more sub-steps by splitting the
complicated numerical treatment of various operators into several simplified sub-steps. This permits
the equal-order basic function to be applied to u and p in spatial discretization with the appropriate
pressure numerical error.

On the basis of the principle of the Chorin–Temam projection method, the fraction-step method
used here can separately determine pressure and velocity by evaluating an additional variable
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named inter-medial velocity at one time advancement. The Ladyzhenskaya theorem [11] states
that any vector field x in � admits a unique orthogonal decomposition

x= t+ ∇� (28)

where t is a field with zero normal components on the boundary � of �. Therefore, the use of the
orthogonal projection operator P eliminates the pressure variable from the Navier–Stokes equation
without a source term. The partial differential of u can be written as

�u
�t

= P[−(u · ∇)u + �∇2u] (29)

and t is still subject to the initial boundary conditions on normal components, which is an important
characteristic for finite element Galerkin approximations.

On the basis of this theorem, in the Chorin–Temam projection method the pressure in the first
sub-step is directly omitted and the total pressure is modified. Here, in order to gain improved
convergence properties, we adopted an incremental projection method [6], which is embodied as

the first sub-step:

ũn+1 − un

�t
+ un · ∇un =−1

�
∇ pn + �∇2un + fn+1 in � (30)

ũn+1 = ūn+1 on � (31)

the second sub-step:

un+1 − ũn+1

�t
=−1

�
∇ pn+1 + 1

�
∇ pn in � (32)

∇ · un+1 = 0 in � (33)

n · un+1 =n · ūn+1 on � (34)

Obviously, this method can be adopted to determine the inter-medial velocity here by the explicit
Euler method or the semi-implicit method in the first sub-step; in the second sub-step the value of
the pressure should be calculated by establishing the pressure-Poisson equation due to enforcing
the incompressible constraints in Equation (32). The final step, virtually included in the second sub-
step, is to modify the inter-medial velocity field into the actual velocity field using the pressure
value from the previous computation sub-step. The ALE formulation governing equations are
discretized as the following three sub-steps with component equations:

ũn+1 − un

�t
+ (un − wn) · ∇un =−1

�
∇ pn + �∇2un + fn+1 (35)

�pn+1 = �

�t
∇ · ũn+1 + �pn (36)

un+1 = ũn+1 − �t

�
∇(pn+1 − pn) (37)
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4.2. Finite element formulation for fluid equations

Now, we can easily obtain the finite element approximation of the weak formulation problems
(35)–(37), by the standard Galerkin method combined with the boundary conditions (24), (25),
(27) and the initial conditions (26). The finite element discretization of the domain � is acquired
by separating it into elements. The interpolation space of the finite element for the velocity and
pressure is defined.

With the weight function W ∗ = (u∗,p∗), the fraction-step finite element equation for liquid
equations are obtained as the following formula:∫

�

(
ũn+1−un

�t
+(wn−un) · ∇un

)
u∗ dV =

∫
�

(
−1

�
∇ pn + �∇2un

)
u∗ dV+

∫
�
fn+1u∗ dV (38)

∫
�

∇ p · np∗ dS−
∫

�
∇ p∇ p∗ dV = �

�t

∫
�

∇ · ũn+1 p∗ dV+
∫

�
∇ p · np∗ dS−

∫
�

∇ p∇ p∗ dV

(39)

∫
�
u∗un+1 dV =

∫
�
u∗ũn+1 dV − �t

�

(∫
�
u∗∇ pn+1 dV −

∫
�
u∗∇ pn dV

)
(40)

The first expression on the right side of Equation (38) can be transformed into two integral formulae

∫
�

(
−1

�
∇ pn + �∇2un

)
u∗ dV

=
∫

�

[
−1

�
pnnni +�

(
�uni
�x j

+�unj
�xi

)
nnj

]
u∗
i dS−

∫
�

[
−1

�
pn+�

(
�uni
�x j

+�unj
�xi

)]
u∗
i, j dV (41)

After introducing the boundary conditions, including Equations (27) and (24), into the finite
element equations (38)–(40), we obtain the integrated finite element equations:

Mn+1Ũn+1 =Mn+1Un − �t

[
BnUn − 1

�
CnPn + DnUn − Fn+1

]
(42)

An+1Pn+1 =−�t

�
Cn+1Ũn+1 + AnPn + Qn+1 − Qn (43)

Mn+1Un+1 =Mn+1Ũn+1 − �t

�
[Cn+1Pn+1 − CnPn] (44)

In these equations, U is the vector of the nodal values of the fluid velocity, P is the vector of the
element values of the fluid dynamical pressure, M is the mass matrix, B is the matrix determining
the convection operator, C is the matrix denoting the gradient and divergence operators, D is the
dissipation operator, and A is the matrix representing the Laplace operator. Finally, there are two
important vectors: F, the vector of the nodal values of body force, and Q, the vector denoting the
normal component of the body force enforced on the side wall boundary, which are derived from
the pressure wall boundary conditions, Equation (27).
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Figure 3. Time history of wave height at the wall.

Figure 4. Initial computational mesh.
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Figure 5. Time history of vibration height at the left corner node.
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5. NUMERICAL EXAMPLE

To demonstrate the validity of the proposed method for large amplitude sloshing, the method was
applied to simulate the motion of free surface in a rectangular tank. The width of the tank was 0.8m
and the depth of the liquid was 0.3m. The liquid in the tank was subject to sinusoidal horizontal

(a)

(c)

(b)

(d)

(f)(e)

Figure 6. Liquid velocity fields at equal time increment during a half period: (a) 5�/2; (b) 27�/10;
(c) 29�/10; (d) 31�/10; (e) 33�/10; and (f) 7�/2.

Figure 7. Free surface shapes during all calculational procedures.
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(c) (d)

(a) (b)

(e) (f)

Figure 8. Liquid velocity fields at equal time increment during a half period: (a) 5�/2; (b) 27�/10;
(c) 29�/10; (d) 31�/10; (e) 33�/10; and (f) 7�/2.

acceleration in a normal gravity environment as given in Equation (45). This is a classical example
of the numerical simulation of sloshing, which has been studied by Hurta and Liu [16] and Souli
and Zolesio [5].

f1 = A · g · sin(	 t) (45)

where A is an arbitrary constant amplitude of the horizontal acceleration, g is the environmental
gravity, 	 is the excitation frequency and t is the time. In the example, A= 0.01, g= 9.8m/s2 and
	= 5.642 rad/s when the approximate resonance frequency was 0.898Hz: the value of resonance
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frequency was obtained from the experimental data in Reference [1]. In addition, the time increment
�t = T/60, where T is the approximate resonance period, T = 2�/	.

The results exhibited in Figure 3 are in good agreement with those reported in [5, 16].
The purpose of this algorithm is to simulate liquid sloshing in containers with curved side

walls using the ALE finite element method. The following two examples are 2D liquid slosh-
ing in spherical containers with different liquid depths. In the first example, a container was
filled with fluid at a depth of 25% of the horizontal cylindrical container’s diameter, and the
initial domain dimensions are shown in Figure 4. For the second example, the liquid depth
was 50% of the diameter of the same horizontal cylindrical container. This tested whether
the algorithm could accommodate different geometrical constraints with motions of the free
surface.

The excitation acceleration with the same formula as Equation (45) gives A= 0.02, g= 9.8m/s2

and 	= 4.3 rad/s. The finite element mesh consists of 434 triangular elements. The top boundary
is a fluid free surface, and the other boundary is the side wall of the container, where the fluid
is subject to slipping boundary conditions in terms of geometrical constraints. The history of the
elevational displacement at the corner nodes of the free surface is shown in Figure 5. When the
wave height is beyond 15% of the free surface’s width, the computational mesh can maintain good
aspect ratio to guarantee the accuracy of simulation results. The whole velocity field in a half
period is shown in Figure 6.

In the second example, sloshing in a half-filled container was simulated. The results confirmed
that the algorithm is capable of dealing with different liquid-filled ratios. The calculation parameters
were A= 0.02 and 	 = 4.6 rad/s, and the others were the same as the first example. The number
of computational elements is 456. The free surface shape during the simulation is illustrated in
Figure 7, which shows the deformation of the free surface. Obviously, the simulation takes on the
important characteristic of liquid sloshing: the increasing height of the free surface is larger than
the decreasing displacement.

The velocity field in a half period is exhibited in Figure 8. Although the smoothness of the free
surface did not reach the ideal status, the mass conserved ratio was within 2.5% of the original
fluid mass without extra technique to refine the grid.

6. CONCLUSION

In conclusion, the numerical algorithm succeeded in simulating liquid sloshing in containers with
curved side wall using the ALE finite element method. In order to overcome the contradiction
between the kinematic boundary conditions on the free surface and the geometrical constraints, the
shape vector modified the kinematical boundary conditions on the free surface. For the ALE for-
mulation, this is a concise method to renew the nodal velocity with more than one freedom on the
moving boundary, including the free surface and the curved side wall. The numerical results in
Section 5 demonstrated that the algorithm could be adapted to 2D simulation. The mesh distortion
could be prevented only if the maximum wave height were not beyond 25% of the character length
of the container during the whole calculation procedure. To simulate more violent sloshing within
the 3D tanks, the elements near the moving boundary should be smaller than before, and the
elliptic equation used in updating the nodal velocities of the interior domain should be optimized,
which is the key point of the advanced study in this field.
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